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Voltage dynamics of single-type voltage-gated ion-channel protein ensembles

Hanna Salman and Erez Braun*
Department of Physics, Technion-Israel Institute of Technology, Haifa 32000, Israel

~Received 2 December 1996!

Isolated ensembles of single-type voltage-gated potassium ion-channels are studied. The density of channels
and the input current to the system are two control parameters in the experiments, while the voltage is the
dynamical observable. The voltage fluctuations exhibit distinct behaviors in dense and dilute ensembles of
channels. In dense ensembles, voltage fluctuations are constrained and exhibit relaxed oscillatory behavior,
typical of a simple two-state system. At the other extreme of dilute ensembles, the complex many-state kinetics
of the channel induces large-amplitude broad-spectrum voltage fluctuations. The effective number of channels
that can respond to the voltage field is a dynamical variable, which determines the voltage stability and
fluctuations and depends on the control parameters and the ensemble activity. The ensemble can move dy-
namically between two regimes of behavior with large and small effective numbers of channels. We study in
detail these two regimes and the transition between them and show both by numerical simulations and by a
simple analytic model how the coupling between the transmembrane voltage and the kinetics of channels leads
to the observed dynamics.@S1063-651X~97!00607-7#

PACS number~s!: 87.15.2v, 05.40.1j, 82.20.Mj
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I. INTRODUCTION

Voltage-gated ion channels are transmembrane prot
that work as sophisticated selective stochastic switches
ionic currents in nerve and other excitable and nonexcita
cells @1#. The voltage-dependent switching of these chann
between conducting and nonconducting states is a major
tor in controlling the transmembrane voltage. In recent ye
the fruitful combination of advanced molecular biology a
electrophysiological techniques has enabled us to stud
detail the kinetics of voltage-gated channels. In particu
the invention of the patch-clamp technique allows sin
channel recording, thus connecting directly measured ma
scopic currents with single channel kinetics@2#. An impor-
tant family of ion channels, the potassium-selective volta
gated channels, are ubiquitous in cellular membranes.
family is of particular interest because of its important role
stabilizing the transmembrane voltage. Detailed studies h
shown that many members of this family exhibit compl
kinetics, indicating the existence of many states and tra
tion rates, some of which are voltage dependent and s
that are only weakly coupled to the transmembrane volt
or completely indifferent to it@1#.

Generally, most of these potassium channels can be
scribed by two separate branches of kinetics. One bra
consists of closed~nonconducting! states coupled to on
open ~conducting! state viafast, voltage-dependent rates o
transition. Here ‘‘fast’’ means on the millisecond time sca
On the other hand, the open state is also coupled,
voltage-independent~or weakly voltage-dependent! slow
rates of transition, to inactive~nonconducting! states@1#.
These inactive states~usually referred to asC-type inactiva-
tion @3#! can be distinguished from the closed states by th
wide range of relaxation times that extend well beyond
millisecond regime. In this paper we use a simplified, sc
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matic, three-state model@4# to represent a voltage-gated p
tassium channel: C↔O↔I , whereC represents the close
states,O the open state, andI the inactive states.

Voltage-gated channels are usually studied by controll
the transmembrane voltage and monitoring the curr
~voltage-clamp technique! @2#. A different view of this sys-
tem is achieved by studying the transmembrane voltage
dynamical variable~current clamp!, coupled to the kinetics
through the voltage-dependent rates of the transition.
existence of inactive states, coupled to the open state
voltage-independent rates, may lead to nontrivial dynam
The channel population in theC↔O branch is depleted a
more channels fall into the inactive states, from which th
relaxation is stochastic and very slow. The depletion proc
becomes increasingly dominant with higher channel activ
The longer a channel spends in the open state, the m
likely it is to inactivate. Since the channel distribution amo
the states determines the transmembrane voltage, it is c
that the variety of time scales arising from the multiplicity
states~in particular, the inner structure of theI states! leads
to modulations of the transmembrane voltage as a functio
the channels’ history of activity.

In an isolated biological system, composed of one spe
of ion channels, one can ask the following question: How
the many microscopic functional degrees of freedom of
underlying proteins interact with the macroscopic field th
couples them? Put differently, the ion channels, in a sim
fied system, are identical stochastic elements whose co
tive interaction with the macroscopic voltage field depen
on the microscopic functional configurations available
them. How these microscopic degrees of freedom show u
the macroscopic dynamics is the focus of this paper. In
paper we summarize a set of experiments designed to s
the voltage dynamics in ensembles ofsingle-type voltage-
gated ion channels. Combining molecular biology and pat
clamp techniques, controlled ensembles of single-ty
voltage-gated potassium channels are constructed and
ied in isolated patches of membrane,detached from any in-
852 © 1997 The American Physical Society
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56 853VOLTAGE DYNAMICS OF SINGLE-TYPE VOLTAGE- . . .
tracellular or biochemical effects. The number of channels in
the ensemble and the external current stimuli to the m
brane are used as control parameters.

The present study follows two recent publications, wh
we have shown that in an isolated ensemble of single-t
potassium channels one can link directly the kinetics of
underlying channels to the transmembrane voltage and
fluctuations@4,5#. The main observations can be summariz
as follows.

~i! Above a certain number of channels~determined by
the various parameters of the system!, the transmembrane
voltage is stabilized around a typical value, set by
voltage-dependent kinetics of the closed-open transitio
The voltage fluctuations are constrained by a feedb
mechanism between the voltage and the kinetics and ex
relaxed oscillations that are identified in the power spectr
and the voltage autocorrelation function. A direct interpre
tion of these results leads to a simple model that presents
voltage fluctuations in an ensemble of voltage-gated ch
nels as a damped harmonic oscillator driven by white no
@5#. The voltage response of a dense ensemble of channe
small-amplitude sinusoidal current stimuli exhibits relax
oscillations with characteristic time scales comparable
those measured from the noise autocorrelation at a zero h
ing current.

~ii ! When the number of channels in the ensemble is sm
~defined more accurately below!, the complex kinetics of the
channel, including the stochastic transitions into and ou
the inactive states, plays a significant role and the transm
brane voltage exhibits large-amplitude, broad-spectrum fl
tuations.

~iii ! The stability of the transmembrane voltage, even
dense ensembles of channels, is, however, only margina
large enough external input current, forcing an increase
the number of open channels, may lead to a continuous
in voltage. This instability is due to loss of channels into t
inactive states, from which the relaxation is much slow
than the characteristic time scale of voltage dynamics. S
ject to a sufficient high holding current, the inactive sta
work as a sink for channels, causing an ensemble with la
numbers of channels to behave as if it has only a small n
ber of channels. Thus, as we elaborate below, the numbe
channels in theC↔O branch of the kinetics compared wit
the number of open channels determines the dynamics ra
than directly the total number of channels in the ensemb

This manuscript is organized as follows. In Sec. II w
summarize the experimental methods. In Sec. III we disc
the transmembrane voltage and its fluctuations. In Sec
we study ensembles with a large number of channels
their response to external stimuli. In Sec. V the other
treme of ensembles with a small number of channels is
sented. We summarize and discuss these results in Sec

II. EXPERIMENTAL METHODS

The experimental setup@see Fig. 1~a!# consists of a smal
patch of membrane (;2mm2) containing a certain densit
of single-type voltage-gated potassium channels. A sam
preparation is described in detail elsewhere@4#; we give here
only a brief summary of it.

The potassium-selective voltage-gated channelShaker IR
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@3,4,6# is expressed in the membrane of aXenopusoocyte~a
developing frog’s egg!. This channel is a mutant of the orig
nal delayed-rectifierShakerchannel and does not exhibit th
fast inactivation existing in the latter. In addition, a poi
mutation F425G was introduced in it@7#. This particular
channel was chosen because it can be expressed in a
wide range of densities without any apparent effects on
kinetics. The channel exhibits typical fast-activating a
slowly inactivating behavior. To prepare an ensemble of
channels, cRNA coding for the channel, at various conc
trations, is injected into aXenopusoocyte. Methods of DNA
and cRNA preparation are standard molecular biology te
niques@8#. Oocytes are harvested from matureXenopusfe-
males and dissociated in 2 mg/ml of collagenase 1A~Sigma!.
Stage V-VI defolliculated cells are then injected with 0.4–
nl of mRNA (;1 mg/ml). Injected cells are incubated
18 °C for up to 7 d infrog Ringer’s solution. The variability
in expression of channels among different membranal
gions of a single oocyte~at which only a small patch o
membrane is used in a single experiment; see below! and
between different oocytes enables us to scan more than t
decades of channel densities.

FIG. 1. ~a! Schematic description of the experimental setup a
an equivalent electrical circuit containing membrane capacita
c, leak conductivitygL , channel conductivitygk(V), and two volt-
age sourcesVL andVk determined by the leak and potassium rev
sal potentials and set by the ionic concentration gradients acros
membrane. The concentration gradients are between the pipett
lution A and the bath solutionB ~see the experimental methods
text!. I is the holding current set by the patch-clamp amplifier in t
current clamp mode.~b! Steady-state fraction of open channe
a/(a1b) computed with the rates given in@14# as a function of the
transmembrane voltage.
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854 56HANNA SALMAN AND EREZ BRAUN
All the experiments presented here were carried out
detached patches, using standard patch-clamp technique
using glass pipettes~AM Systems Inc., WA, No. 7052!,
pulled and polished to a micrometer size~with a typical re-
sistance in the range of 3–5 MV!, a small patch of mem-
brane can be detached from the oocyte after the estab
ment of a tight seal~resulting in 10–100 GV leak resistance!.
In that way, the experiments reflect processes that are in
ent to the ensemble of channels, dissociated from intrace
lar effects. The capacitance of the system is largely de
mined by the glass pipette, and it was reduced to;1 pF by
exposing the glass to the bath solution only at its tip. T
pipette solution contained~in mM! 96 NaCl, 2 KCl,
1 CaCl2, 1 MgCl2, and 10 Hepes. The bath solution co
tained 95 KCl, 5 NaCl, 1 EGTA, and 10 Hepes. Both so
tions were atpH 7.5. All the experiments were performed
the inside-out configuration at room temperature. An Ax
patch 200 A amplifier~Axon Instruments, Foster City, CA!
was used with its output filter set at 5–10 kHz. The b
current of the amplifier under a current clamp is 0.3 pA a
is stable during and in between experiments. The data w
recorded using a pulse-code modulator~Neuro Data Instru-
ments, model DR-390, 14 bit!.

A detailed study of the kinetics of this channel was c
ried out under a voltage-clamp and was published elsew
@4#. The number of voltage-gated channels in the patch
membrane, in each experiment, was measured in the volt
clamp mode by monitoring the maximal conductivity of th
membrane~the slope of theI -V curve between150 and
170 mV) and dividing it by the single channel conductivi
gk of 0.013 pA/mV @9#. The leak conductiongL was mea-
sured in the voltage-clamp mode at the beginning and en
each experiment to verify the stability of it. In all the expe
ments presented here it had values in the range 0.01–
pA/mV.

III. THE TRANSMEMBRANE VOLTAGE
AND ITS FLUCTUATIONS

Voltage-gated potassium channels stabilize the memb
resting potential in many excitable and nonexcitable c
~see@4# and references therein!. Let us first describe the be
havior of the transmembrane voltage and its fluctuations
a patch of membrane with different numbers of voltag
gated potassium channels at zero holding current. In add
to the voltage-gated channels, the membrane possess
constant leak conductance that is voltage independent.
ure 1~a! presents an equivalent electrical circuit for the e
perimental system. Without external stimuli, the resting p
tential is determined, dynamically, by the requirement
total zero current, which is translated into a balance betw
the leakage current and the channels current:

gL@V2VL#5gk~V!@V2Vk#,

wheregL ,gk(V) are the leak and voltage-dependent cond
tances, respectively, andVL ,Vk are the leak and potassium
reversal potentials, respectively. We have shown rece
that the resting potential drops sharply to more negative~hy-
perpolarized! values as the number density of voltage-ga
potassium channels in the ensemble is increased@4#. Above a
certain characteristic number of channels, the steady-s
n
By

h-

er-
u-
r-

e

-

-

s
d
re

-
re
f
e-

of

07

ne
s

r
-
n
s a
ig-
-
-
r
n

-

ly

d

te

transmembrane voltage almost saturates around260 mV.
This characteristic number of channels depends on the v
ous parameters of the system, especially the leak con
tance. In our system, it has a value of approximately
channels~conductivity of 0.46 pA/mV! @4#. The sharp drop
in potential for small numbers of channels and its saturat
for large numbers of channels is a direct consequence of
voltage-dependent kinetics of the channels. It follows
steady-state fraction of open channels as a function of tra
membrane voltage, which has a sharp increase ab
;250 mV and an exponential tail at lower values of volta
@see Fig. 1~b! for the description of this function#. For the
model system used in our experiments, with single-type
tassium channels, it is easy to show the direct connec
between the single channel’s kinetics and the transmemb
potential.

Figure 2 shows three voltage traces, at zero external h
ing currents, for three patches of membrane with differ
numbers of channels. In tracea the number of channels i
approximately 19 and is so low that the resting potentia
stabilized around the leak reversal potential and escapes
it stochastically to more negative values~by more than 20
mV! due to opening of channels. In traceb there are approxi-
mately 40 channels, some of which are always active, but
potential exhibits large, irregular fluctuations, with slo
modulations. Tracec has been recorded from a patch
membrane containing approximately 4000 potassium ch
nels so the transmembrane voltage is stable and exhibits
amplitude fluctuations. Note that the average number of o
channels is, in all three cases, small compared to the t
number of channels in the ensemble. In tracea there are 2–3
open channels, in traceb 3–4 open channels, and in trac
c around 10 open channels. Thus, what determines the
namics is not the total number of channels, which is alwa
large compared to the number of open ones, but rather
number ofavailablechannels, i.e., those in theC↔O branch
of the kinetics, compared to the required number of op
channels. We shall see that for a large number of availa
channels the transmembrane voltage fluctuations reflect
fast, voltage-dependentC↔O transitions. In contrast, for a
small number of available channels the slow, voltag

FIG. 2. Voltage traces, 10 min long, at zero holding currents
patches of membrane with different numbers of voltage-gated
channels. The membranes contain~a! 19, ~b! 40, and~c! 4000 chan-
nels for tracesa, b, andc, respectively.
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56 855VOLTAGE DYNAMICS OF SINGLE-TYPE VOLTAGE- . . .
independentO↔I kinetics intervenes with the fast trans
tions and lead to large fluctuations with complex spec
characteristics. Figure 3 shows voltage histograms comp
for the traces of Fig. 2. The first two are typically wide a
multi-peaked, while the last one fits a narrow Gaussian
tribution. We now discuss in detail the two extremes of lar
and small numbers of voltage-gated channels.

IV. LARGE NUMBERS OF AVAILABLE CHANNELS

A. Two-state model

The dynamics is considerably simplified by working wi
ensembles containing large numbers of voltage-gated c

FIG. 3. Histograms of voltage fluctuations for the three volta
traces of Fig. 1.
l
ed

s-
e

n-

nels. Under these conditions, the complexity of the inact
states does not influence the dynamics significantly. We h
shown recently that such a system can be described b
two-stateC↔O model and exhibits characteristic spectr
properties that reflect the feedback between the transm
brane voltage and the voltage-dependent rates of the tra
tion @5#. To summarize briefly, the channels are modeled
particles occupying an asymmetric double-potential w
which represents the closed and open states. The barri
voltage dependent and represents the opening and clo
transition rates. The main result is twofold. First, a fluctu
tion in the distribution of channels between the wells
coupled to the height of the barrier and causes the volt
noise to exhibit relaxed oscillations. Second, the amplitu
of the voltage noise is reduced, inabsoluteterms, when the
number of channels in the ensemble is increased or whe
positive dc current is applied to the membrane forcing
small increase in the average number of open channels.

We begin with two coupled first-order differential equ
tions for the transmembrane voltage and the fraction of o
channels. Linearizing these equations around their stea
state values yields a picture of the ensemble’s voltage fl
tuations as a damped harmonic oscillator, driven by a no
term.

A two-state kinetic model for the voltage-gated ion cha
nel

C�
b~V!

a~V!

O ~1!

leads to the equations

cdV/dt52@gk*Np~V2Vk!1gL~V2VL!#1I , ~2!

dp/dt5a~V!2l~V!p1j. ~3!

Here V is the transmembrane voltage,c is the membrane
capacitance,gk* is the single channel conductivity,N is the
total number of channels in the ensemble,p is the fraction of
open channels~the same as the probability of a single cha
nel to be in the open state!, I is the external holding current
l(V)5a(V)1b(V) is the relaxation rate of the two state
~shown in the inset to Fig. 4!, and j is a noise term, of
thermal origin, which in principle may depend on the me
transmembrane voltage and the kinetics and is assumed
to be Gaussian and white. Thus we note that the equation
the fraction of open channels~which is proportional to the
potassium conductivity of the membrane! is modeled here as
a Langevin equation. The introduction of the noise te
~with the dimensions of rate! in this form isad hoc. No noise
term is added to the voltage equation since we have sh
@5# that the voltage noise in a patch of membrane contain
no voltage-gated channels is at least two orders of magni
smaller than the voltage noise generated by conduction fl
tuations of voltage-gated channels. Thus contributions fr
Johnson and other sources of noise are negligible comp
to that of the channels. The channels are assumed to fluc
independently between the two states, so that the only co
lations are introduced through the coupling of the kinetics
the voltage.

e
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856 56HANNA SALMAN AND EREZ BRAUN
The noise term is related to the damping term in the
namic equation for the fraction of open channels and can
computed under certain assumptions. In particular, for sm
fluctuationsp5 p̄1r, wherep̄ is the mean fraction of open
channels anduru! p̄, Eq. ~3! yields

dr/dt52l~V!r1j. ~4!

The noise term is assumed to bed correlated̂ j(t)j(t1t)&
5Ad(t) with zero mean andA can be computed by com
paring the solution of the macroscopic equation with a dir
calculation of independently fluctuating channels at ste
state. A similar calculation was presented in@10#. The solu-
tion of the dynamic equation~4! gives

r~ t !5E
0

t

e2l~ t2t!j~t!dt1r~0!e2lt, ~5!

where the last term is the decay of initial conditions and c
be neglected for asymptotically long times. The variance
fluctuations is then

r~ t !25
A

2l
~12e22lt!. ~6!

On the other hand, a direct calculation ofN independently
fluctuating channels gives

r~ t !25
1

N
p̄~12 p̄!. ~7!

Finally, a comparison of the long-time behavior gives

A5
2l~V̄!

N
p̄~12 p̄!. ~8!

Thus the voltage dependence of the noise is expresse
terms of the relaxation rate of the two states and the ave
fraction of open channels. Though very weak, this dep
dence may nevertheless introduce nonlinearity in the mo

Assuming small fluctuations around steady statep5ps
1r andV5Vs1y, where

p̄5ps5
as

ls
,

~9!

Vs5
gk*NpsVk1I

gk*Nps1gL
,

we can linearize the model@Eqs.~2! and~3!#. The dynamics
of fluctuations is determined by

dy

dt
5 f 11y1 f 12r, ~10!

dr

dt
5 f 21y1 f 22r1j. ~11!

Here

f 1152t0
21@ g̃kNps11#,
-
e
ll

t
y

n
f

in
ge
-
l.

f 1252g̃kNt0
21@Vs2Vk#,

~12!

f 2152l ,vps1a ,v ,

f 2252ls ,

wherea ,v andl ,v are the time derivatives of the transitio
rates at the steady-state voltage,t05C/gL is the character-
istic capacitance time of the membrane, andg̃k5gk* /gL is
the normalized conductivity of a single potassium chann
Without loss of generality, we takeVL50. Finally, we com-
bine the dynamic equations~10! and ~11! into one equation
for voltage fluctuations@5#

d2y

dt2
52g

dy

dt
2v0

2y1R. ~13!

The voltage fluctuations perform damped harmonic osci
tions, with a damping coefficient and a natural frequen
given by

g5t0
21@ g̃kNps11#1ls ,

~14!

v0
25t0

21~$g̃kN@Vs2Vk#%$a ,v2l ,vps%1ls@ g̃kNps11# !,

driven by a noise term

R52g̃kNt0
21@Vs2Vk#j. ~15!

An intuitive feeling for this behavior is provided by th
following argument. A fluctuation in the distribution of chan
nels between the closed and open states, decreasing the
ber of open ones, causes an extra current that charge
membrane and leads to an increase in the transmemb
voltage. This in turn affects the distribution of channels w
a crucial phase lag, which results in oscillatory behavi
damped by the relaxing nature of the potassium chan
~i.e., driving the voltage back to lower values!. Similar be-
havior can be found in other physical systems. In some
sers, for example, the phase lag between the buildup of
photon population inside the cavity and the pumping r
leads to relaxed oscillations when the laser is switched
@11#. In our case, the conduction fluctuations of the chann
continuously drive these relaxed oscillations. As shown i
previous publication@5#, the capacitance timet0 and the
charging power of a single channelg̃k determine the voltage
response time. The interplay between the barrier fluctuati
~determined by voltage dynamics! and the residence time o
channels in the potential wells is reminiscent of other acti
tion phenomena in modulated potentials@12#.

The solution to the problem of a Brownian particle bou
to the origin by a harmonic force is standard and appear
many textbooks~see, for example,@13#!. We summarize here
the main features of this model and then discuss these re
in the context of voltage-gated potassium channels. The
tocorrelation function for voltage fluctuations is given by

^y~ t !y~0!&5
pRv̄

gv0
2 S cosv1t1

g

2v1
sin v1t De2gt/2,

~16!

where
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v15S v0
22

g2

4 D 1/2 ~17!

is the characteristic oscillatory frequency andRv̄5
2 f 12A/2p is the power spectrum of the noise. The pow
spectrum of the voltage fluctuations is then given by

u~yv!u25
Rv̄

~v0
22v2!21g2v2 , ~18!

with the variance

^y2&5
pRv̄

gv0
2 . ~19!

We now use these results to analyze the experimental m
surements of voltage fluctuations.

B. Experimental results

A typical voltage autocorrelation function measured fo
patch of membrane containing 3600 voltage-gated chan
at a zero holding current is shown in Fig. 4. The autocor
lation function is computed by direct summation of a dig
tized voltage trace

^ViVi1w&5
( i~Vi2V̄!~Vi1w2V̄!

( i~Vi2V̄!2
. ~20!

HereVi is the digitized voltage at pointi with a millisecond
resolution andV̄ is the mean voltage. The autocorrelation
averaged over 80 sec. The solid line is the best fit to
autocorrelation of a damped harmonic oscillator, predic
by the linearized model above@Eq. ~16!#. The voltage fluc-
tuations exhibit relaxed oscillations with characteristic tim
scales of 2pv1

21532.6 msec andg2156.5 msec, which
can be compared with the characteristic time scale of

FIG. 4. Normalized voltage autocorrelation function averag
over 80 sec for a patch of membrane containing 3600 channels
zero holding current. The solid line is the best fit to the data
tained from the autocorrelation of a damped harmonic oscilla
@Eq. ~16!# with 2pv1

21532.6 msec andg2156.5 msec. The inse
shows the relaxation time 1/l51/@a(V)1b(V)# versus the trans-
membrane voltage, calculated with the values in@14#. Note the peak
of this function at around 9 msec and250 mV, which is at the
relevant window for the ensembles of channels in the experime
r

a-

ls
-

e
d

e

channel’s kinetics~inset of Fig. 4! of about 9 msec. Figure 5
summarizes the dependence of the damping time scaleg and
the oscillatory time scalev1/2p on the total number of
voltage-gated channels in the membrane. The large varia
ity in the results reflects the differences in capacitance tim
of the different patches of membrane. In general, all the ch
acteristic time scales become smaller with the increase in
number of channels in the ensemble. Figures 6~a! and 6~b!
show the dependence of the characteristic time scales on
number of channels and the capacitance time, respectiv
for the linearized model@Eqs.~14! and~17!#. The character-
istic time scales decrease with the number of channels. T
sensitivity is greatest in the lower range of numbers of ch
nels, which is the relevant range for the experiments. T
transition between underdampedv0

2.g2/4 and overdamped
v0
2,g2/4 behavior is possible only for very large~or very

small, see@5#! capacitance times@v1 goes to zero in Fig.
6~b!#. Such a transition marks a time-scale separation
tween the voltage dynamics~barrier fluctuations! and the ki-
netics~channel resident time! and is typical of similar acti-
vation phenomena@5,12#. The oscillatory frequencyv1 and

d
t a
-
r

ts.

FIG. 5. Characteristic time scales~a! g and ~b! v1/2p for dif-
ferent patches of membrane containing different numbers of ch
nels at zero holding currents. The time scales are computed
fitting the measured voltage autocorrelation to the one derived f
the model of damped harmonic oscillator@Eq. ~16!#.
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858 56HANNA SALMAN AND EREZ BRAUN
the friction coefficientg can be computed by solving Eq.~2!
numerically with the kinetics described in Eq.~1!. By using
a Monte Carlo simulation the noise is automatically tak
care of and nonlinear effects are included. The probability
each channel to make a transition out of its state, at the t
interval t, t1dt, is computed byP512e2kdt , wherek is
the relevant rate of the transition@14#. This probability is
compared to a random number, pulled out of a uniform d
tribution @15#, and a transition is made if the random numb
is smaller. A voltage trace is simulated by solving a diffe
ence equation derived from Eq.~2! betweent and t1dt,
using the fraction of open channels derived from the pro
dure above at each time step. We then compute the vol

FIG. 6. ~a! Characteristic time scalesg ~squares! and v1/2p
~circles! calculated from the linear model, as explained in the te
as a function of the number of channels in the membrane.g is
divided by 5 to bring it to the same scale asv1/2p. Shown with
dots are thev1/2p obtained by fitting the autocorrelation functio
of the damped harmonic oscillator to the one computed from
voltage fluctuations of a Monte Carlo simulation of 100 chann
with two states (C↔O). The parameters of the simulations a
t05100 msec,gk50.5 in units of the leak conductivity, and th
rates as in@14#. ~b! Characteristic time scalesg ~dashed line! and
v1 ~solid line! calculated from the linear model, as a function of t
capacitance timet05C/gL . Note thatv1 goes to zero abovet0
'900 msec, marking the transition between underdamped
overdamped systems.
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autocorrelation function for a simulated voltage trace, fitti
it with the autocorrelation of a damped harmonic oscilla
@Eq. ~16!#, and extract the characteristic time scales predic
by the nonlinear model. The oscillatory frequenciesv1 thus
computed are shown by dots in Fig. 6~a!. Although the num-
bers are not exactly the same as in the linearized mo
above, the general dependence on the number of chann
approximately reproduced by the nonlinear Monte Ca
simulations. The small deviation of the characteristic tim
scale predicted by the linear model and the one compute
the simulations indicates the existence of~weak! nonlinear
effects in the system. The same conclusion was reache
@5# by comparing the variance of voltage fluctuations co
puted from Monte Carlo simulations with the one predict
by the linear model.

The two-state model presented above assumes the dy
ics as determined by a deterministic part plus a stocha
term. This division lies at the basis of the Langevin a
proach. There is, however, no fundamental basis for it in
case of ion channels. In order to obtain more insight into
relation between the deterministic and stochastic source
the dynamics, the response of the ensemble of channe
external periodic stimuli was studied and its time scales co
pared to the ones computed from the spontaneous noise
tocorrelation. Figure 7~a! shows part of a long voltage trac
~solid line!, measured under a current-clamp condition, fo
patch of membrane containing;300 voltage-gated potas
sium channels and driven by an external sinusoidal curren
2 pA rms amplitude at 3 Hz~dotted line!. Compared to the
leakage current at steady state (;3.4 pA), this stimulus may
be considered as a small perturbation. Only the upper trac
shown; the lower part follows a sinusoidal curve in phase
with the current stimulus. Note that due to the steep dep
dence of the kinetics of channels on voltage@this function is
shown in Fig. 1~b!# there is only a relatively narrow window
of time in which channels respond to the stimulus. Th
although the stimulus frequency~3 Hz! is low compared to
the transition rates of channels~in the kilohertz regime!, it is
still marginal. Higher frequencies, as we shall see, comp
with the kinetics. The voltage peaks observed in respons
the stimulus appear to have irregular phases. For stim
frequencies, which do not intervene with the kinetics of t
channels, at least three separate voltage peaks can be
cerned. Figure 7~b! shows the phase histogram~t50 when
the current stimulus crosses zero with a positive slope! for
the same trace as in Fig. 7~a!, computed over 80 sec. Th
first peak is always relatively narrow and synchronized w
the stimulus, while the second and third peaks are wid
This is a clear signature of the stochastic response of
channels. As we shall see below, although the voltage
sponse to the external low-amplitude driving current is ve
noisy, the average time lapse between the peaks represe
well-defined deterministic response of the system.

Increasing the stimulus frequency beyond 3–4 Hz lead
strong intervention with the kinetics of channels. Figure 8~a!
shows the average time lapse between the first and se
peaks as a function of the stimulus frequency for differe
patches of membrane containing different numbers
voltage-gated channels. The mean time lapse between
peaks drops sharply with the frequency for frequencies ab
3–4 Hz. Figure 8~b! shows the ratio between the number
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56 859VOLTAGE DYNAMICS OF SINGLE-TYPE VOLTAGE- . . .
second peaks to the number of first peaks, for different
quencies. It leads to the same conclusion: Above 3–4
there is a sharp drop in the occurrence of a second pea
the trace, implying that at higher frequencies the stimu
competes with the kinetics and strongly affects the respo
This behavior is not due to the voltage at the peaks, as ca
seen in Figs. 9~a! and 9~b!, which show the average voltag
of the first peak and the average ratio between the voltage
the first and second peaks, respectively, as functions of
stimulus frequency. Thus the reason for the decrease in
separation of peaks and the number of times it appears is

FIG. 7. ~a! Small section of a voltage trace recorded from
patch of membrane containing 300 channels and stimulated
sinusoidal current of 2 pA rms and a frequency of 3 Hz~dotted
line!. Note the peaks that appear in the voltage trace. Only the u
half of the voltage response is shown; the lower half follows
current input with a constant phase lag.~b! Phase histograms of th
first ~solid line!, second~dashed line!, and third~dotted line! peaks
computed from an 80-sec voltage trace, part of which is show
~a!. Note that the second and third peaks are wider than the
one. The phaseF is measured relative to the zero crossing point
the input current with a positive slope.
-
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to the fact that at higher frequencies there is less time in
relevant voltage window for the channels to respond. At h
enough frequencies, the peaks that do show up synchro
with the stimulus. At low frequencies, the average time lap
between the first and second peaks in the experiments
found not to depend sensitively on the amplitude of t
stimulus. We conclude that at frequencies up to 3 Hz and
the low-amplitude driving currents used in these expe
ments, the average time lapse between the first and se
peaks in the voltage response (D t) can be taken as a reliabl
measure of the characteristic time-scale response of the
semble of channels to external stimuli, independent of
stimulus itself. For a linear response, we expect to findD t
52p/v1 .

a
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FIG. 8. ~a! Mean time lapseD t , between the first and secon
peaks and~b! ratio between the number of second peaks to
number of first peaksDp from voltage traces of patches of mem
brane containing large numbers of channels and stimulated by s
soidal currents of 2 pA rms, as a function of the stimulation f
quency. The different patches of membrane contain 112~filled
triangles!, 206 ~circles!, 282 ~diamonds!, 300 ~empty triangles!,
1352 ~filled squares!, 1803~dots!, and 2216~empty squares! chan-
nels. Note the large changes in the frequency range 3–4 Hz.
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860 56HANNA SALMAN AND EREZ BRAUN
Figure 10~a! compares the characteristic oscillatory tim
scaleD t of the channels response to a sinusoidal~3-Hz! cur-
rent stimulus to 2p/v1 computed from the noise autocorre
lation function at zero current, for five patches of membra
with different numbers of voltage-gated channels, as ind
cated. In each experiment the patch of membrane is first h
at a zero current and its voltage fluctuations are monitor
for at least 1 min. This measurement is used to compute
voltage autocorrelation function and hence derivev1 . The
same patch of membrane is then stimulated with a sinusoi
current of 2 pA rms at different frequencies~up to 3 Hz! for
a few minutes. The voltage response of the system is
corded and then used to compute the averageD t between the
first and second peaks that are identified in the voltage tra
The noticeable fact is that whileD t is almost constant,v1
varies between the different patches of membrane by m
than a factor of 3. Figure 10~b! shows the same comparison
betweenD t and 2p/v1 derived from Monte Carlo simula-
tions, as explained above, with a 3-Hz current stimulus f

FIG. 9. ~a! Voltage of the first peak and~b! ratio between the
voltage of the first to the second peak for the same patches
membrane as in Fig. 8, as a function of the stimulation frequenc
e
i-
ld
d
he

al

e-

e.

re

r

different numbers of channels, as indicated (t0
5100 msec). In the simulation, there is a linear relation
tween the two characteristic time scales. It shows that
difference in the number of channels cannot be the caus
the behavior depicted in Fig. 10~a!. The inset to Fig. 10~b!
showsD t computed by solving numerically the dynamic
two-state model@Eqs. ~2! and ~3!# with no noise ~i.e.,
j50! and with a sinusoidal~3-Hz! driving current, as a
function of the capacitance time scale. Comparing the dep

of
y.

FIG. 10. ~a! Comparison between the time scale for the respo
of the ensemble of channels to sinusoidal current stimulationD t and
the characteristic oscillatory time scale 2p/v1 derived from fitting
the measured voltage autocorrelation function, at zero current,
the ones of the damped harmonic oscillator@Eq. ~16!#. Each patch
of membrane~with number of channels as marked! is measured at
zero current for at least 1 min and then stimulated by a sinuso
input current at different frequencies~up to 3 Hz! and 2 pA rms
amplitude. The error bars represent the standard deviation inD t . ~b!
Same as in~a!, but for Monte Carlo simulations of 100, 1000, an
10 000 channels having the two-state kinetics@14#. The inset shows
the average time separationD t between the first and second pea
from a numerical solution of the model@Eqs.~2! and ~3!# with no
noise term, as functions of the capacitance timet05C/gL .
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56 861VOLTAGE DYNAMICS OF SINGLE-TYPE VOLTAGE- . . .
dence on the capacitance time ofD t to that of 2p/v1 @see
Fig. 6~b!# shows that the latter is more sensitive to it. T
different patches of membrane in Fig. 10~a! may have differ-
ent capacitance times since they are determined by the g
pipettes and the exposure of the glass tips to the solution~see
the experimental methods above! and thus are not well con
trolled. The difference in the sensitivity of the characteris
time scales tot0 may explain the large variation ofv1 in
Fig. 10~a!, but because each pair of measurements was d
in the same patch of membrane, having the same parame
the discrepancy between 2p/v1 andD t in the experiments
reflects the same deviation as~more than a factor of 2! ob-
served in the simulations@Fig. 10~b!#.

The exact value ofD t depends somewhat on the drivin
current amplitude for the range of amplitudes used in
numerical deterministic solution and the Monte Carlo sim
lations ~we use a 5-pA amplitude in the numerical calcu
tion!, but the dependence on the capacitance time is
same. Accordingly,D t from the numerical calculation devi
ates from the experimental results because of the differe
in capacitance times and amplitudes of driving currents@16#.
Note that both the numerical deterministic solution and
results of the Monte Carlo simulations, which include noi
agree fairly well. Thus the average time lapseD t represents
the deterministic response of the system. This determin
measure is a noticeable effect, appearing to be stronger in
experiments than in the simulations, which marks an
hancement of the deterministic response of the system c
pared to the noise when driven by an external periodic stim
lus. The fact that even for the simulation there is
agreement between the time scale appearing in the resp
to the external stimulus and the one characterized by
noise implies that a nonlinear effect takes over and de
mines the response time scale. We have checked by inte
ing the deterministic equations numerically that for a ve
low-amplitude stimuli,D t indeed converges to 2p/v1 of the
noise trace. These low amplitudes do not allow us to ext
the deterministic response out of the noise in the Mo
Carlo simulations or experiments. We conclude, therefo
that the two-state system presented above exhibits nonli
amplification of the deterministic response when driven
an external stimulus, although the range of voltage am
tudes of the deterministic response and that of the spont
ous noise are similar.

V. SMALL NUMBERS OF AVAILABLE CHANNELS:
INACTIVATION DOMINANCE

So far we have seen a relatively simple picture of
system when there is a large number of available chann
In contrast, when the number of available voltage-ga
channels is small, each branch of the kinetics may beco
important in determining the voltage dynamics. The resul
that the dynamics of transmembrane voltage reflects
complex kinetics of the underlying channels. Let us lo
closely at the three-state model

C�
b~V!

a~V!

O�
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g

I , ~21!
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with single closed and inactive states. Just as in the two-s
model, theC↔O kinetics interacts with the transmembran
voltage and channels residing in these states are availabl
this interaction. The channels in theI states, however, are
unavailable to respond to transmembrane voltage mod
tions. WhenI is significantly more populated than the ava
able states each channel that relaxes to the available poo
cause large fluctuations in the transmembrane voltage. In
opposite situation, a large population inC↔O ensures sta-
bility of the voltage and small fluctuations due to the fee
back mechanism explained above. In fact, the sensitivity
the voltage to relaxation of channels fromI to C↔O is
enhanced the larger the population inI relative to that in
C↔O. The transition fromC↔O to I occurs only through
the open~conducting! state of the channel, so the depletio
of channels in the available states is more severe for sm
total numbers of channels since a larger fraction of th
have to be open at any time to balance the leakage curr

Figure 11~a! shows the voltage histogram from a Mon
Carlo simulation of 20 channels with the above kine
scheme@Eq. ~21!# of the three-state model. The probabili
of each channel to make a transition out of its state, at
time intervalt, t1dt, is computed as before. This probab
ity is compared to a random number, pulled out of a unifo
distribution, and a transition is made if the random numbe
smaller. If the channel is in the open state, another rand
number is used to determine to which state the transitio
made by using the ratio of the transition rates to the clo
and inactive states@e.g., a transition to the closed state occu
if the random number is smaller thanb/(b1g)#. The histo-
gram was computed with high resolution~0.6 mV/bin! to
show the sensitivity of the voltage to channel fluctuatio
among states. Figure 11~b! shows the population of channe
in the available states as a function of voltage for the sa
simulation. The simulation confirms the result that the pot
tial change due to the inactivation of a single channel
creases with the population of channels in the inactive sta
Each peak in the histogram represents a step in sensitivit
the transmembrane voltage to the number of available ch
nels, which can affect and respond to the voltage. This
ample demonstrates that theeffectivenumber of channels is
actually adynamic variable.

What determines the transmembrane voltage is then
distribution of channels between theC↔O and I states
rather than the total number of channels. Figure 12~a! shows
a voltage trace recorded from a patch of membrane cont
ing many voltage-gated potassium channels (;640). At the
beginning of the trace, the holding current is zero and
transmembrane voltage is stabilized around260 mV with
low-amplitude fluctuations. At the point marked by the a
row, a positive@17# ~8.3-pA, compared to 2-pA leakage cu
rent! dc current was applied to the membrane. This curr
forces an increase in the average number of open chan
~from ;4 open channels at zero current to;20 at 8.3 pA!.
As a result, the transmembrane voltage steadily drifts
more positive~depolarized! values, initially at an almost con
stant rate@Fig. 12~b!#. This steady change in the transmem
brane potential reflects a steady loss of channels into
unavailable states of inactivation. Note that as the loss
channels progresses, the voltage drift is accelerated and
amplitude of fluctuations is increased. The accelerated
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862 56HANNA SALMAN AND EREZ BRAUN
of channels can be understood from the previous argum
Increasing the voltage forces a larger fraction of channel
open, thereby increasing the loss rate. Actually, this me
that even if we start with a large pool of available channe
a positive input current can effectively reduce them to v
small numbers. This loss of channels into the inactive sta
is reversible, as shown by setting the external holding cur
back to zero at the second arrow and monitoring the re
ation of the transmembrane voltage.

The above example shows clearly that the ensemble
channels can move dynamically between the different
gimes of high numbers of available channels to low numb
in a way that depends on the system’s activity and the c
trol parameters~total number of channels and input curren!.
The initial rate of voltage change, as the holding curren

FIG. 11. ~a! Histogram of voltage fluctuations calculated from
Monte Carlo simulation~see the text for details! of 20 channels,

each with a three-state modelC�
b(V)

a(V)

O�
d

g

I , where g55

31023 msec21 andd5131023 msec21 are the rates of transition
into and out of the inactive stateI , respectively, and the voltage
dependent ratesa(V) andb(V) are the same as in@14#. The rest of
the parameters in this simulation aregk50.1 in units of the leak
conductivity ~i.e., gL51! and the membrane capacitancet0
5100 msec.~b! Number of available channels, i.e., channels in
voltage-dependent states (C↔O), as a function of the transmem
brane voltage from the same simulation as in~a!.
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changed from zero to a positive value, depends on the t
number of channels in the membrane and the amplitude
the holding current. For larger numbers of channels, the
tial rate of voltage change is smaller and it increases with
amplitude of the applied current. The hierarchy of tim
scales is such that the voltage-dependent transitions betw
the closed and open states are faster than the characte
time of voltage adjustments~capacitance time of the mem
brane!, which in turn is much faster than the relaxation tim
of channels from the inactive states. As a result, any cha
in the transmembrane voltage is instantaneously respon
to by the available channels. Therefore, the channel distr
tion among the available states can be considered a

FIG. 12. ~a! Voltage trace measured from a patch of membra
containing 640 channels. At the time marked by the left arrow
holding current was changed from 0 to 8.3 pA~the leakage curren
there is around 2 pA! and as a result, the voltage starts to drift
higher values due to the loss of channels into inactive states. A
a few minutes, practically the whole pool of channels was inact
and the voltage exhibits large-amplitude fluctuations around
leak reversal potential~0 V!, a behavior that mimics a membran
with a low density of channels. Note the acceleration in the volta
drift and in the increase of voltage fluctuations. At the right arro
the external current is set back to zero and the voltage relaxes
to low values due to a gradual relaxation of channels from
inactive states.~b! Initial drift in ~a! enlarged to show that the
voltage drift starts at a constant rate.
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56 863VOLTAGE DYNAMICS OF SINGLE-TYPE VOLTAGE- . . .
steady state. If we force a certain average number of o
channels~by the external holding current!, some channels ar
lost into the inactive states at a constant rate and a la
fraction of available channels open. The voltage trace, th
follows the steady-state fraction of open channelsa/(a
1b), which is linear for low enough voltages@see Fig.
1~b!#. The actual slope is determined by the total number
channels and the holding current, both of which determ
the actual fraction of open channels at any given momen

The spectral characteristics of voltage fluctuations
small numbers of channels reflect the competition betw
the fast, voltage-dependent rates of transition and the s
voltage-independent ones. Figure 13 compares the po
spectral density of voltage fluctuations, for three patches
membrane containing different numbers of voltage-ga
channels at zero holding currents. In the high-frequency
gime the spectrum falls asf 4, independently of the numbe
of channels„see the power spectrum predicted by the tw
state model@Eq. ~18!# in the high-frequency limit…, and re-
flects the fast, voltage-dependent kinetics. The ‘‘knee’’ t
cuts this behavior is determined mainly by the capacitanc
the system. The noticeable difference between the diffe
spectra in Fig. 13 is at the low-frequency regime; an
semble containing a large number of channels typically
hibits a flat spectrum at low frequencies, while one with
small number of channels exhibits a power-law spectru
with larger slopes for smaller numbers of channels. The in
to Fig. 13 shows that the slopes of the power spectra at
frequencies vary over a wide range, up tof 2 for low numbers
of channels, and exhibit approximately flat spectra for la
numbers of channels.

The fact that the voltage dynamics for low numbers
available channels exhibits a wide range of time scale

FIG. 13. ~a! Power spectral densities~PSDs! for the voltage
noise at zero holding currents, measured for patches of memb
containing 75~dotted line!, 130~dashed line!, and 5000~solid line!
channels. Note the change in the spectral characteristics at low
quencies as the number of channels is varied. Inset: summa
slopes of PSDs at low frequencies for different patches of m
brane as a function of the number of channels. The spectrum
verges to approximately a flat form~white noise! for large numbers
of channels.
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also clearly observed in the voltage autocorrelation functi
for an ensemble with a small number of channels. The no
malized voltage autocorrelation function for a patch of mem
brane containing 75 channels at zero current is shown in F
14. The autocorrelation function is computed as before@Eq.
~20!#, averaged over 10 min. It exhibits relaxation process
over a wide range of time scales and cannot be fitted with
single exponential. Note the dramatic difference between t
autocorrelation and the one presented in Fig. 4, for a lar
number of channels. We conclude that the kinetics of t
inactive states and the relaxation of channels between thI
and theC↔O states exhibit a wide range of transition rate
which affect the voltage dynamics. The power law at th
low-frequency regime of the spectrum~shown in the inset for
the same patch of membrane! leads us to the same conclu
sion. Similarly, the current relaxations, measured for th
channel in voltage-clamp experiments, cannot be fitted w
a single exponential@4#. In principle, one needs to introduce
more than oneI state with a wide range of time scales to fi
the measured autocorrelation function. The actual micr
scopic structure of the channel is not known, so such a d
tailed description is impossible. Figure 14 demonstrate
however, that when the available pool is depleted, many tim
scales show up in the voltage fluctuations anda relatively
detailed microscopic description of the underlying channel
needed in order to determine the macroscopic dynami.
This stands in sharp contrast to the two-state model p
sented above for large numbers of channels, where only v
crude information on the microscopic states is needed in
der to describe the macroscopic dynamics.

VI. DISCUSSION

Controlled ensembles of voltage-gated ion channels p
vide us with an opportunity to study the collective dynamic
of proteins. On the one hand, these proteins live in a Brow
ian noisy world and interact with the solution around them

ne

re-
of
-
n-

FIG. 14. Normalized voltage autocorrelation function, on
semi-logarithmic scale, averaged over 10 min~see the text for de-
tails!, for a patch of membrane containing 75 channels at zero ho
ing current. The inset shows the PSD for the same measureme
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864 56HANNA SALMAN AND EREZ BRAUN
On the other hand, they are not free particles but are c
strained within a membrane and are strongly influenced b
The main field that couples the channels is the transm
brane voltage, but secondary effects could come from
membrane itself~e.g., mechanical modes!. Our experiments
detach the ion channels from any biochemical or intracellu
effects, so the above-mentioned means of coupling are
only ones possible. We have not found any important c
pling between the channels, other than the voltage. It is p
sible, however, that the type of experiments performed h
are not sensitive enough to detect other modes of coupl

In the ion-channel system it is impossible to go to t
thermodynamic limit. Finite-size effects are always impo
tant. By varying the number of channels in the ensemble
are able to study the connection between the single-cha
kinetics and the voltage dynamics, which reflects the coll
tive response of the ensemble. There are two distinct pha
At high numbers of available channels, only two states of
channel play significant roles and single-channel fluctuati
are amplified collectively to show up as relaxed oscillatio
of the voltage. In the opposite regime, of low numbers
available channels, all parts of the channel’s kinetics inte
with the voltage field, which in turn reflects the comple
structure-function relationship of a single channel. The f
that the effective number of available voltage-gated
d
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channels is dynamically coupled to the electrical activity
the system demonstrates an important feature of biolog
systems: a direct coupling between the macroscopic phen
ena and microscopic kinetics of the underlying proteins,
many scales. An intriguing fact is that the ensemble of ch
nels can move dynamically between the different regim
depending on its history of activity. A natural cell containin
many different ion channels has a much richer range of p
sibilities. The biological system can, by choice, use its av
able phase space~the microscopic degrees of freedom of th
underlying proteins! or apply constraints on it so that only
few degrees of freedom interact with the macroscopic fie
This ability of the biological system enables it to fulfill it
function. The fact that the details of the single protein kin
ics are important in the description of large-scale phenom
of cells ~and networks of cells! poses a nontrivial challeng
in our quest to grasp biological phenomena.
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